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Introduction

JET flap results if air is ejected from a spanwise slot at or
ear the trailing edge of an airfoil. It produces lift both by
the component of thrust in the lift direction and by the
modification of circulation around the airfoil. The steady jet
flap, for which flow parameters are constant, has received
considerable attention because of interest in V/STOL aircraft.
It was analyzed on the basis of two-dimensional inviscid flow,
thin airfoil, and thin-jet theory by Woods! and Spence.?
Interest in unsteady jet flaps appears to have begun when
Sears, according to Spence,® suggested the use of jet flaps for
fast-acting lift control. Potential applications to helicopter
rotors and aircraft vibration mode stabilization systems have
led to experimental studies of two-dimensional incompressible
flow past unsteady airfoil-jet flap combinations.*” Attempts
to extend steady thin-jet flap theory to unsteady configura-
tions have been made by Erickson,® Spence,’ Potter,® and
Belotserkovskii et al.l® Potter’® used a two-dimensional
linearized discrete vortex model of the unsteady jet, for-
mulated as an initial value problem. He encountered serious
stability problems in his numerical time-marching procedure
for high values of the jet momentum-flux coefficient. A
similar model was utilized by Belotserkovskii et al.'? in a
three-dimensional context to study the wing response to a step
change in the trailing-edge jet-deflection angle. Following the
transient, a steady-state and apparently stable solution for the
jet shape was obtained. Frequency characteristics of the wing
obtained from the transient via a convolution integral showed
good agreement with the experiments of Simmons.® In con-
trast to the results of Potter® and those of the present work, no
numerical stability problems were reported.

Thin-Jet Theory

In the thin-jet theory of the jet flap, the fluid motion is
assumed to be incompressible, inviscid, two-dimensional,
and irrotational. The jet flap is modeled by a thin fluid sheet
of thickness order §; containing fluid moving with speed U,.
Letting U,—o0, §,—~0 such that the jet momentum flux
M =pU3%5, remains finite gives the thin-jet limit (o is the fluid
density). The jet effectively becomes a vortex sheet which
may support a local pressure difference® given by

P,—P, =Mk (1)

where « is the instantaneous jet curvature and P, the
pressure on the convex side. Note that Eq. (1) is an essential
part of the thin-jet dynamics and holds in unsteady flow.38
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Linearized Behavior of the Thin Jet

Some insight into the thin-jet model may be obtained from
linearized analysis. Consider the unsteady motion of a
doubly infinite, nominally straight jet in an unbounded
uniform flow of speed U,. In x-y coordinates the jet shape
is y=n(x,7). The fluid motion is described by velocity po-
tentials U,x+¢;, where ¢, j=1,2, are perturbation poten-
tials above and below the jet, respectively, which satisfy
Vv?¢;=0. The boundary conditions on the jet, which are
linear in n and ¢;, are

dan an _& .
at + o ax - ay ’ J—‘]’Z (23.)
MY\ 8 L 3(d,— ;) (P,—9;)
<T) ax? ot ~Ue ax (20)

Equation (2a) is the kinematic condition while Eq. (2b)
follows from the application of the linearized unsteady
Bernoulli equation on either side of y=y, together with Eq.
(1) and the approximation «=3?4/9x?. We seek normal
mode solutions periodic in x with wavelength A, of the form

n=npee ©)

where 7, is a constant, k=2n/\, and o~/ is an unknown
time constant. Expressing ¢;, j=1,2, in the form of Eq. (3)
multiplied by appropriate exp(+ ky) factors, and substituting
into Eqgs. (2) on y=0, yields the dispersion relationship

(o+i27U, /N2 =(M/2p) (2w/N)? “

Since M >0, Egs. (3) and (4) show that the jet is always
unstable to infinitesimal x-periodic disturbances and,
moreover, the disturbance growth rate increases without
limit as A~3/2 when A—0. Thus, in the linearized approxima-
tion, the jet behavior is similar to but more pathological
than the vortex sheet subject to a constant velocity dif-
ference!! where o~X~/, A—0. Note that Eq. (4) appears to
cast doubt on the physical validity of the model as used by
Spence? in which the jet returns in the frequency domain to
an undisturbed flat configuration far downstream of the
wing.

Nonlinear Vortex Sheet Model

In view of the success of numerical vortex sheet models of
unsteady wakes (e.g., Fink and Soh!? and Faltinson and Pet-
tersen!3) in which smoothing and rediscretization techniques
(mimicking viscous smoothing) are used to control fine-scale
instabilities, while producing a satisfactory description of the
larger scale motions, we thought it worthwhile to investigate
the vortex sheet formulation of the thin jet in order to study
its nonlinear behavior in a simple configuration. We chose
the case of the periodic plunging motion of a wing-jet flap
combination treated as an initial value problem to avoid dif-
ficulties associated with downstream boundary conditions. In
what follows we nondimensionalize with respect to a length
scale ¢, the wing chord, and time scale ¢/U,, where U, is
the x freestream speed. No distinction is made between the
jet flap emanating from the trailing edge and the (necessarily
coincident) vortex wake, which would detach from the trail-
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ing edge in the absence of the jet, both denoted herein by the
term “‘jet flap.”” At time ¢ we describe the jet shape by the
complex function z(e,f)=x(e,?)+iy(e,f) and cumulative cir-
culation I'(e,f)= ¢, —¢,, where e is a Lagrangian label mark-
ing a material particle on the jet flap-vortex sheet. We now
introduce the complex potential W(Z)=¢+ iy, where Z is a
field point and y the stream function. As Z—z(e,t) from
above and below the jet flap, W—¢;+#i);, j=1,2, respec-
tively. Hence W is discontinuous by an amount I' across the
jet flap. Next, we define the complex velocity u,—iv, of
z(e,t) as
. Dz dwW

“p T = D¢ dz ©)
where the overbar denotes the complex conjugate and
dW/dz is the mean of dW/dZ as Z—z(e,t) from above and
below the jet. The Lagrangian derivative following z(e,f) and
the unsteady Bernoulli equation at a field point are,
respectively,

D—a+u 9 +v 9 6
Dt a Pax Foy ®)
and
P 1|\ dwW |2 3¢
- e — —_— t 7
p + 514z +.6t cons N

Applying Eq. (6) to I'(e,f), using Eq. (7) to evaluate
(¢, —¢;)/0t in terms of P,—P,;, and Eq. (1) to eliminate
P,—P,, leads to

DI' c {Im[ 3z 8%z ]}/I az
Dt 7 de 9é? de

In Eq. (8) C;=M/(%pU?c) and the right-hand side is C,
times « expressed in terms of z, Im being the imaginary part
of a complex argument. Thus, the effect of the momentum
jet is to generate local circulation following a particle at a
rate proportional to «.

3

®

Oscillating Plunging Wing

Equations (5) and (8) are an initial value problem for
[z,T1, once we have specified dW/dZ on z(e, ). We consider
the simplest case which will give a nontrivial jet flap motion;
a flat wing of unit chord and zero thickness moving in a
periodic plunging motion in a stream of x speed U,. At
t=—0, the wing is in Y2=x= — %4. The jet flap is turned on
and immediately occupies co>x>15 (since U;=o0). The
wing remains parallel to the x axis and moves from ¢>0,
following a smooth initial transient (to avoid a strong start-
ing vortex) with speed and y elevation given, respectively, by

V(t) =wY,cos(wl—o) Y(t) =Y,sin (0wt —a) )

%jw t=314

t=6.28

Fig. 1 Vortex sheet at two nondimensional times ¢ with C,=0,
w=2, and Y, =0.2. The dashed lines above and below the flat plate
indicate the extremes of plunging oscillation.
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In Eq. (9 w is the angular frequency, o a phase angle
associated with the initial transient, and Y, the amplitude.
The jet emanates from the trailing edge at (V2,Y(¢)) always
parallel to the x axis.

At time ¢ the velocity field on z(e,f) may be obtained as
follows. First, the region exterior to the wing in the Z plane
is transformed to the exterior of a circle of radius Y and
center at the origin in a Z plane through the conformal
mapping

Z=W[Z—iY (1) +~N(Z=iY(0))2 - %] (10)

Equation (10) transforms z(e,?) to Z(e,?). Next, the velocity
field in the Z plane is written in the form

- () o (2)E), v

dw . . 5
( 2 ) =[U,+iV(t)] - [U,—iV(£)1/16Z?  (11b)

The first two terms of Eq. (11a) are the purely attached
flow, i.e., the flow about the moving wing with no jet flap
present. These may be shown to give u=Re(dW/dZ)—-U,,
as Z—o and v=-Im(@dW/AdZ)—V()) as Z—-x+iY(D),
—-W=<x=Y (wing surface), thus satisfying the required
boundary conditions. The attached flow gives infinite
velocities at the wing trailing (and leading) edges. Finally we
consider the last term in Eq. (11a), which is the velocity in-
duction of the jet flap. This may be obtained as a continuous
distribution of vortex singularities of density oI'(e,#)/de on
Z(e,t) and of density —al'(e,f)/de on Z'(e,t)=1/16z(e, 1),
which is the image curve of Z(e,t) in the circle |Z] =Y.
Thus, we may write

dawy 1 ¢° { 1 }
< dz )S_ 2mi Sro(t) Z—Z(et) Z-Z'(&l) dr' (&)
(12

The first and second terms in Eq. (12) are the jet flap and
image jet flap terms, respectively, I'y(#) is the instantaneous
circulation at the trailing edge, and I'=0 on the jet far
downstream. The jet flap image system is constructed to give
zero normal velocity on |Z1 =%, and zero total velocity at
infinity. Hence, all boundary conditions on the wing and at
Z— oo are satisfied.

The initial value problem is now defined by Eqgs. (8) and
(5) with dW/dZ evaluated on Z =z(e,?) from Egs. (10-12). In
view of the average defined in Eq. (5), the integral of the
first term in Eq. (12) is a Cauchy principal value integral.

t=314

Fig. 2 Vortex sheet at three nondimensional times with C;=0.1,
w=2, and Y;,=0.2.
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The Kutta condition determines I'y(¢) from

(5. ()], a2

Since vortex sheet numerical discretization is now standard
in the literature (see previous reference) only brief details will
be given here. The jet is divided into N segments with end
points z;(¢), j=0,...,N, and circulation I';(#}, j=0,...,N, and
Eqgs. (5), (8), and (10-12) are discretized into 3N first-order
ordinary differential equations for these quantities. In Eq.
(8) « is calculated using five-point formulas for dz/de,
d?z/3€* at z; with e identified with j. To estimate Eq. (12),
the integral is first evaluated at the N segment midpoints
assuming a linear variation of T' with Z in each (Z,,Z;,,),
Jj=0,....,N—1. The value at Z; is then obtained using linear
interpolation and Dz;/Dt¢ is evaluated using Egs. (10-12) and
(5). Simple Euler integration with constant A¢ is used to
march forward in time. The Kutta condition is implemented
at ecach At, the contribution of the element adjacent to the
trailing edge (in the Z plane) being evaluated using a
parabolic distribution of Z—z, and I'—T', with arc length s.
This leads to a simple equation for T'y(f). A new (Z,T) in
(Zy,2;) is then found by parabolic interpolation.

The calculation is terminated downstream at X=14.5 in
the sense that particles with x;>X are eliminated from the
calculation. This strategy can be justified by noting that it
leads to negligible loss of circulation through convection past
x=X over simulated time periods.

Results and Discussion

The cases reported herein were calculated with N= 180, in-
itial x spacing of points Ax=0.0778 and Ar=0.0778. All
cases have w=2 (period=x) and Y,=0.2 chosen to give
significant nonlinearity. The initial transient period was
t,=0.589 (o«=0.646).

For C;=0, the flow is the vortex wake generated by a
periodic plunging wing which was used as a test case. Like
other workers (e.g., Fink and Soh!?), we found it necessary
to smooth fine-scale motion on the vortex sheet wake which,
due to local shear instability, would otherwise rapidly
amplify and destroy the overall computation. In the present
work, a standard five-point smoothing formula'¥ was used
to smooth both z; and T'; coordinates at each At. We believe
that this procedure can be justified only heuristically as a
numerical analog of viscous action in real fluids. The
calculated wake configuration after two periods is similar to
the comparable calculation of Faltinsen and Pettersen!® (see
Fig. 1). The familiar mushroom-like wake pattern evolves on
the dominant length scale A=2n/w=7 excited by the
oscillating wing motion in the presence of the freestream.
The calculated details of the ‘‘rolled-up’’ portions of the
wake could be improved by use of a vortex-core amalgama-
tion procedure.’> Equation (8) shows that DI'/D¢=0 for
C,=0. Hence, only particles with finite I' obtained through
separation at the trailing edge are shown in Fig. 1.

Figure 2 illustrates graphically the dramatic effect of the
thin momentum jet with C; =0.10 present in the wake. Cir-
culation now can be generated locally at all z;, j=1,..,N. At
t=1.57 and 3.14 in Fig. 2, the jet wake remains fairly
coherent although it is evident that instability on a spectrum
of length scales is evolving through the combined effect of
the momentum jet and local shear on the vortex sheet. By
t=4.71 disturbances are rapidly amplifying and the jet-wake
flow has become pseudoturbulent. The accuracy of the
calculation is lost due to the randomly convoluted jet shape
and the vortex sheet unrealistically crosses over itself. Note
that the smallest amplified length scale on the relatively un-
disturbed downstream portion of the jet wake is on the order
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of 5 to 6 vortex points, i.e., just above the smoothing scale.
Results similar to those of Fig. 2 were obtained for other
values of C;.

Finally, our finding of violent instability in the thin-jet
model of the two-dimensional jet flap is consistent with the
severe instability problems discussed by Potter,’ and in-
dicates that the model is too unstable for practical use. Since
complete details of the solution algorithm used by
Belotserkovskii et al.! currently are unavailable to us, we
are unable to resolve the qualitative discrepancy that exists
between their stable jet behavior and our calculations. It is
of course possible that the use of a fully three-dimensional
jet (i.e., bounded in the spanwise direction) may restore
stability to the fine-scale motions. We note, however, that
simple extension of Egs. (2) and (3) to include three-
dimensional perturbations to the two-dimensional unper-
turbed jet does not materially change our conclusions follow-
ing Eq. (4).
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